In this work we define the isometries of the hyperbolic plane from its fixed points, and we characterize the orbits determined by some of them as rotations with a fixed center, limit rotations with a fixed point in the infinity line and translations along a line. These orbits are called, respectively, circumferences, horocycles and hypercycles. We illustrate an exhaustive classification of the isometries by means of the study of their fixed points. Some methods for building the aforementioned orbits are determined and some algorithms for their implementation are described. We used these algorithms to create a package of modules for Mathematica software, called Hyperbol, for the representation of such orbits, and we solve some constructive problems related with them.
Notations and Preliminaries
Let C
+ be the open upper half-plane C + = {z ∈ C | Imz > 0} endowed with the metric ds = |dz| Imz [7] . We denote by H 2 this set with such metric. The lines in H 2 are euclidean half-circumferences centered at a point in the boundary of H 2 which corresponds to the parametrization: x(t) = r cos t + k 1 , y(t) = r sin t, t ∈ (0, π); and euclidean half-lines orthogonal to that boundary with the parametrization: x(t) = k 2 , y(t) = t, (t > 0). We have, making use of the Moebius transformation [9] , that the group of isometries of H 2 preserving the orientation is given by
The isometries of H 2 not preserving the orientation are the composition of the isometries preserving the orientation plus a fixed isometry that does not preserve the orientation.
Usually, the reflection on the imaginary axis h(z) = −z is used as an isometry not preserving the orientation, in order to obtain the isometries not preserving the orientation from the isometries preserving the orientation.
We denote by Iso − (H 2 ) the set of the isometries of H 2 not preserving the orientation given by
Let D = {z ∈ C; |z| < 1}, i.e., the image of C + by the Cayley transforma- 
Construction of the circumference Definition 3.1 A circumference is the set of images of a point
Q ∈ H 2 (D 2 )
by means of the reflection according to all the lines through a given point
, which is called the center of the circumference.
In the circumference case, we can deduce the following properties:
a) The circumferences centered at A(a, b) are the orbits of the group of all elliptic isometries with a fixed point A (rotations with center at A).
b) The circumference is a euclidean circumference contained in C + (respectively D). c) A circumference is a curve orthogonal to each line that contains A.
The construction of the circumference with center A(a, b) and radius R > 0 can be realized in H 2 and D 2 , respectively, as follows. Draw the line x = a, calculate the point C on this line whose second coordinate is greater than the second coordinate of A and whose distance to A is R, obtaining C(a, be R ) [6] . Let us consider any line through A, and on it we determine a point B(c, d) whose distance to A is R. Finally, we draw the euclidian mediatrix of the euclidian segment line BC, whose equation is
The intersection of that mediatrix with x = a gives us the center E of the euclidian circumference whose coordinates are Then, the circumference of center A and radius R is the euclidian circumference of center E and radius EC. The intersection of the line x = a and the circumference is the points C and C = (a, be −R ) [4] . The euclidean radius of this circumference is bsinh(R). Hence, the euclidean center E can be also expressed (a, bcosh(R)), and from (1) we deduce 
Construction of the horocycle Definition 4.1 The horocycle with center at point P of the infinity line is the set of all images of a fixed point Q by the reflections with respect to the asymptotic lines of the point P .
We can obtain the following properties for the horocycles:
a) The horocycles can be characterized as the orbits for the group of parabolic isometries (limit rotations) with point P belonging to the infinity line.
b) The horocycle is obtained from the circumference as a limit case. Namely, in H 2 , if we move the center of the circumference through a given line to a point P (p, 0) of the infinity line, the horocycle is a euclidean circumference contained in C + and tangent to the abscises axis at that point, and if we move the center to the infinity point of the infinity line, the horocycle is a euclidean line contained in C + whose equation is y = k. On the other hand, in D 2 , if we move the center of the circumference through a given line to a point in f r(D 2 ), the horocycle is a euclidean circumference contained in the unit disk D tangent to the boundary of D, at that point.
c) It is easy to check that the horocycle orthogonally intersects all the lines of the asymptotic pencil at P , being equal the distance between the two of these with center at P .
The construction of the horocycle through the points A(a, b) in the hyperbolic plane and P in the infinity line can be achieved in H 2 and D 2 , respectively, as follows.
In H 2 we distinguished the following cases: In
The horocycle with center P through A is the euclidean circumference through A and P such that is tangent to the boundary of D 2 at P . In the same context, we consider the following problem: Calculate the horocycles through two given points A(a, b) and B(c, d) .
We now distinguish the cases H 2 and D 2 , respectively, as follows:
1.-If b = d, taking into account that the equation of the euclidean line which is orthogonal to the euclidean segment AB and which contains its middle point is
and that the point A belongs to the euclidean circumferences, then the solution of the system of indeterminates p and q ⎧ ⎨
determines the centers C and C of such euclidean circumferences. In D 2 , the horocycles through the points A and B are the tangent circumferences to the boundary of D 2 through these points. e) The distance between any point of the translation line and the hypercycle, measured on the orthogonal line, is the same, that is, is constant.
f) Any two hypercycles of the same pencil are "parallels" in the sense that the distance of one of them to the other is constant.
The construction of the unique hyperciycle through two points A and B of the infinity line and a third point C of the hyperbolic plane can be achieved in H 2 and D 2 , respectively, as follows. In H 2 we distinguished the following cases:
1.
-If A and B are points of the infinity line with coordinates (a, 0) and (b, 0), respectively, with a < b and C(c, d) ∈ H 2 , the hypercycle through A, B and C is the intersection with C + of the euclidean circumference whose center E and radius r are obtained solving the system The center E has coordinates:
and its radius is: 0) , B is the infinity, and C(c, d) ∈ H 2 , the hypercycle is the euclidean half-line of equation:
Now, let A, B ∈ f r(D
2 ) and C ∈ D 2 . Then the hyperciycle through A, B and C is the arc of the euclidean circumference through the three cited points. 
Conclusions
The main contributions of this work to the study of the orbits of some isometries in the hyperbolic plane are the following: 1.-The systematic characterization of the isometries as rotations, limit rotations, translations, reflections or glide reflections through the study of their fixed points. Also, the determination of the algorithms for the application of these isometries.
2.-The determination of precise algorithms for the construction of the orbits, circumferences, horocycles and hypercycles from different initial data.
3.-The implementation of these algorithms in a set of programming modules with the software Mathematica, included in a package named Hyperbol (software available at http://www.ugr.es/local/ruiz/software.htm) that we have designed for the numeric and graphic resolution of a wide array of constructive problems in the hyperbolic plane, in H 2 and D 2 .
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